Weak value amplification has been applied to various small physical quantities estimation, however there still lacks a practical feasible protocol to amplify ultra-small longitudinal phase, which is of importance in high precision measurement. Very recently, a different amplification protocol within the framework of weak measurements is proposed to solve this problem, which is capable of measuring any ultra-small longitudinal phase signal that conventional interferometry tries to do. Here we experimentally demonstrate this weak measurements amplification protocol of ultra-small longitudinal phase and realize one order of magnitude amplification in the same technical condition, which verifies the validity of the protocol and show higher precision and sensitivity than conventional interferometry. Our results significantly broaden the area of applications of weak measurements and may play an important role in high precision measurements.
Introduction. Weak measurement, which was first proposed by Aharonov, Albert and Vaidman [1] , has attracted a lot of attention in the last decade [2] . In the theoretical framework of weak measurements, the system with pre-selected state interacts weakly with the pointer first, and then followed by a post-selection on its state. When the interaction is weak enough such that only first-order approximation need to be considered, the so-called weak value of observableÂ, defined as Â w = ψ i |Â|ψ f / ψ i |ψ f with |ψ i and |ψ f are preselected state and post-selected state of the system respectively, emerges naturally in the framework of weak measurements [1] . The weak value is generally complex, with its real part and imaginary part being obtained separately by performing measurement of non-commuting observables on the pointer [3] , and can be arbitrarily large when |ψ i and |ψ f are almost orthogonal. Although the weak value has been intensively investigated since its birth [4] [5] [6] [7] [8] [9] [10] , the debate on its physical meaning continues [11] [12] [13] . Regardless of these arguments, the method of weak measurement has been shown powerful in solving quantum paradox [14] [15] [16] [17] , reconstructing quantum state [18] [19] [20] [21] [22] [23] , amplifying small effects [24] [25] [26] and investigating foundations of quantum world [27] [28] [29] [30] .
Among above applications, weak value amplification (WVA) is particularly intriguing and important for its potential in high precision measurements. In order to realize WVA, the tiny quantity to be measured need be converted into coupling coefficient of an von Neumanntype interaction Hamiltonian, which is small enough such that the condition of weak measurements is satisfied. The magnification of WVA is directly determined by the weak value of the system observable appearing in the interaction Hamiltonian. When the pre-selected state |ψ i and the post-selected state |ψ f of the system are properly chosen, the weak value can be arbitrarily large. However, it does not imply that the magnification of WVA can also be arbitrarily large. In fact, the magnification is limited when all orders of evolution are taken into consideration [31] [32] [33] [34] . While the potential application of the weak value in signal amplification was pointed out as early as 1990 [35] , it has drawn no particular attention until the first report on the observation of the spin Hall effect of light via WVA [24] . Since then, many kinds of signal measurements via WVA have been reported, such as beam deflection [25] , angular rotation [36] , charge sensing [37] , single-photon nonlinearity [38, 39] , frequency [40] , etc. Meanwhile, due to the large weak value is obtained at the price of low succesful probability, the controversy on whether or not WVA outperforms conventional measurements arises [41] [42] [43] [44] [45] . Although negative conclusion arrived by some theoretical researches, things become different when practical experiments are taken into consideration [46] [47] [48] . Besides, some technical advantages of WVA have also been displayed [49] [50] [51] .
Since many physical quantities can be converted into phase measurements, using WVA to realize ultra-small phase measurement, especially longitudinal phase, has been focused in recent years [52] [53] [54] . However, the existing schemes are still not suitable for practical applications because of their severe requirements on the preparation of initial state of probe as perfect Gaussian distribution and detections on time or frequency domain [52, 54] . Recently, we proposed a different scheme of ultra-small longitudinal phase amplification measurement within the framework of weak measurements, in which only discrete pointer is applied [55, 56] . Surprisingly, no definite weak arXiv:1803.07746v1 [quant-ph] 21 Mar 2018 value occurs in our case and the magnification is nonlinear, which makes it different from WVA. In this Letter, we experimentally demonstrate this new scheme by measuring ultra-small longitudinal phase caused by the liquid crystal phase plate and realize one order of magnitude amplification.
Weak measurements amplification based ultra-small phase measurement. The key idea of weak measurements based ultra-small phase amplification (WMPA) is to transform the ultra-small phase to be measured into a larger rotation along the latitude of Bloch sphere of the meter qubit e.g. larger rotation of a photon's polarization [55] . To explicitly see how it works, consider a two-level system initially prepared in the state of superposition |ψ i S = α|0 + β|1 with |α| 2 + |β| 2 = 1. Contrary to most discussions of WVA in which continuous pointer is used [1, 2, 24 , 25], we adopt discrete pointer i.e., qubit [18, 28, 57] prepared in the state of superposition |φ P = µ| ↑ + ν| ↓ with |µ| 2 + |ν| 2 = 1. The pointer can be another two-level system or the different degree of freedom of the same system. We consider unitary control-rotation evolution of the system-pointer interaction
where θ is the ultra-small phase signal to be measured. After evolution of composite system, the post-selection is performed on the system that collapses it into state |ψ f S = γ|0 + η|1 with |γ| 2 + |η| 2 = 1. The state of the pointer, after the post-selection of the system, becomes (unnormalized)
with the successful probability P s = Tr[|φ P φ|] and α, β, γ, η are all taken to be real numbers without loss of generality. Since θ 1, αγ + βηe iθ = (αγ + βη)e iκ in the first order approximation with
Phase signal amplification is realized as the post-selected state is properly chosen such that S ψ f |ψ i S = αγ+βη → 0. The normalized pointer state thus becomes
in the first order approximation. Analogous to micrometer, which transforms small displacement into larger rotation of circle, our protocol transforms ultra-small phase into larger rotation of pointer along latitude of Bloch sphere as shown in Fig. 1 • . The initial state of the system and the pointer is prepared by a beam displacer (BD) and the HWP2 rotated at 22.5
• , the HWP3 rotated at 67.5
• , in which the system is the path degree of freedom and the pointer is the polarization degree of freedom. The ultra-small phase between horizontal and vertical polarization is produced by the Liquid Crystal Variable Retarder (LCVR1) and the LCVR2 without voltage added is used for phase compensation. The post-selection of the system is completed by the HWP3 rotated at 67.5
• − δ, the HWP4 rotated at 22.5
• − δ and a BD with δ is an adjustable small angle to realize different magnification. The amplified phase signal, which encoded in the polarization state of post-selected photons, is extracted by polarization analyser consists of the HWP6 rotated at 22.5
• and a PBS.
the WMPA seems to work even when S ψ f |ψ i S = 0 according to Eq. (3), in which case an infinitely large amplification can be realized. It is, however, not true because the relative phase signal reduces into global phase that cannot be extracted in that case according to Eq. (2).
Experiment realization. In our experimental demonstration as shown in Fig. 1 , we take the path state of photons as system and its polarization freedom of degree as pointer and perform ultra-small longitudinal phase measurement introduced by Liquid Crystal Variable Retarder (LCVR). We choose α, β, µ, ν = 1/ √ 2 in our experiment such that the polarization of the post-selected photons is (|H + e iκ |V )/ √ 2 with |H and |V represent horizontal and vertical polarization respectively. The amplified phase κ is extracted by performing measurement on the basis of {|+ , |− } with |± = (|H ± |V )/ √ 2 on the post-selected photons, which gives the expectation value of the observableσ x ≡ |+ +| − |− −| as <σ x >= cos(κ).
The whole experimental setup consists of four parts i.e., initial state preparation, ultra-small phase signal θ collection, phase signal amplification via the postselection and extraction of the amplified phase signal κ. The ultra-small phase θ is derived by substituting the measured κ into the application formula Eq. (3), where αγ/βη is predetermined experimental parameter.
As shown in Fig. 1 , a single-mode fiber (SMF) coupled 808 nm laser beam is emitted from the Coherent Laser (Mira Model 900-P). The laser beam has been attenuated before coupled into the fiber, which results in the final counting rate approximately 8 × 10 5 /s. The light beam, which outputs SMF, passes a polarizing beamsplitter (PBS) and a half wave plate (HWP1) rotated at 22.5
• such that the polarization of photons is prepared in the |+ state. Preparation of the initial state of photons is completed by passing through a calcite beam displacer (BD) and two HWPs (HWP2 and HWP3) placed in the two paths separately. The BD is approximately 39.70 mm long and photons with horizontal polarization |H transmit it without change of its path while photons with vertical polarization |V suffer a 4.21 mm shift away from its original path. The HWP2 and HWP3 are rotated at 22.5
• and −22.5
• respectively, which gives the initial state of photons as (|0 + |1 )/ √ 2 ⊗ |+ with |0 represents the state of down path and |1 represents the state of up path. In fact, the initial state of the system i.e., path degree of freedom and the pointer i.e., polarization degree of freedom can be arbitrarily prepared via rotating HWP1 and HWP2, HWP3.
The ultra-small longitudinal phase signal θ to be measured is produced by LCVR1 (Thorlabs LCC1411-B) placed in the up path. The LCVR causes phase shift between horizontal and vertical polarization state of photons when voltage is introduced by Liquid Crystal Controller (Thorlabs LCC25). Another LCVR placed in the down path without introducing voltage is used for phase compensation. The LCVRs fulfill the unitary controlrotation operation and the state of photons, after passing through the LCVRs, becomes
The amplification of the ultra-small phase signal θ is completed via HWP4, HWP5 and a BD, where the post-selected photons come out from the middle path of the BD toward to HWP6. To see explicitly how postselection works, we can recast Eq. (5) as
which implies the exchange of the path degree of freedom and the polarization degree of freedom of photons. Since the polarization degree of freedom of photons represents the system now, post-selection of the system can be readily realized by a HWP combined with a PBS. Suppose that the HWP is rotated at 22.5
• − δ with δ is a small angle, then the post-selected state of photons coming out from the reflection port of the PBS is |ψ f = sin (45 • −2δ)|H −cos(45 • −2δ)|V . After the postselection, we exchange back the system and the pointer to the original degree of freedom by using a HWP rotated at 45
• in one of outgoing paths and a BD to recombine the light beam. The above process of post-selection can be equivalently realized via HWP4 rotated at 67.5
• − δ, HWP5 rotated at 22.5
• − δ and a BD as shown in Fig.  (1) .
The post-selected photons, which come from the middle port of the second BD, are in the polarization state |ϕ P = (|H +e iκ |V )/ √ 2, where κ is the amplified phase signal determined by Eq. (3) with α = β = 1/ √ 2 and γ = sin (45 • − 2δ), η = −cos(45 • − 2δ). The amplified phase κ can be extracted by performing measurement on the basis of {|+ , |− } and calculating the expectation value of Pauli observableσ x , which is realized by the HWP6 rotated at 22.5
• ,a PBS and two avalanche photodiode single-photon detectors (SPD). Once the κ is obtained, the ultra-small phase θ can be easily derived from the Eq. (3).
Results. Our experiment results are shown in Fig. 2 , in which real lines are theoretical predictions and dots are measured data. When phase signal to be measured is small enough, according to Eq. (3), the factor of amplification mainly determined by parameter (αγ)/(βη). Three different values of (αγ)/(βη) are considered in our experiment corresponding to about 3, 5 and 10 times magnification in the linear amplification region. For each case, four ultra-small phases chosen in the range of 0.03rad − 0.1rad, which are produced by LCVR1, are measured.
As an important experimental parameter, (αγ)/(βη) needs to be determined before the amplification measurement. This is done by measuring the successful proba-
without introducing any ultra-small phase. In the case of our experiment, (αγ)/(βη) = −tan(45 • − 2δ) and sin(2δ) = √ p, which gives
Once parameter (αγ)/(βη) is settled, the voltage is added to LCVR to produce a ultra-small phase and the amplification measurement begins. The ultra-small phase θ is immediately estimated by conventional measurement method after amplification measurement, which is done by blocking the down path between BDs, replacing HWP4 with a HWP rotated at 67.5
• and rotating HWP6 to 45
• . The visibility is about 0.999975 so that the precision of phase estimation is about 0.01rad. Three different values of (αγ)/(βη) are obtained by adjusting the small angle δ and four ultra-small phases are measured within 10s counting for each value. Considering the relevant statistical errors, system errors and imperfections of optical elements, our results meet well with theoretical predictions.
As the key part of the experimental setup, the performance of the BD-type Mach-Zehnder interferometer directly determines the precision of phase estimation. The visibility of the interferometer in our experiment is about 0.9993, which gives the precision of phase estimation about 0.05rad. In the amplification case, the ultimate precision of phase estimation should be divided by corresponding factor of amplification h, which implies that higher precision can be obtained compared to conventional Mach-Zehnder interferometry. The sensitivity of phase can also be significantly improved by weak measurements amplification if quantum noise limitation is not considered. The sensitivity in our amplification case is ∆θ = ∆ σ x hsin(hθ) with ∆ σ x represents the uncertainty of σ x , which implies h times improvement even at the optimal point. When quantum noise limitation is considered, the ultimate sensitivity of weak measurements amplification cannot outperform the conventional measurements because of the large loss of photons. Fortunately, we need not worry about quantum noise too much in most practical experiment except for in super-sensitivity experiment such as gravitational wave detection and even in this kind of experiment, weak measurements amplification is able to approach the quantum noise limitation [55] . Discussion and Conclusion. Although we only experimentally demonstrate amplification of polarizationdependent longitudinal phase, the general phase amplification can be readily realized by using Michelson topology suggested in Ref. [55, 56] . This realization indicates that WMPA is capable of measuring any ultra-small phase signal with higher precision and sensitivity than conventional interferometers in practice.
In conclusion, we have described and demonstrated a weak measurements amplification protocol i.e., WMPA that is capable of measuring any ultra-small longitudinal phase signal. The ultra-small phase introduced by LCVR is measured and one order of magnitude of amplification is realized. Larger amplification is possible if post-selected state is properly chosen. The WMPA would has higher precision and sensitivity than conventional interferometry if the quantum noise limitation is negligible, which is usually the case in practice. Our results significantly broaden the area of applications of weak measurements and may play a crucial role in high precision measurements.
